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Abstract: Assuming that the scale of new physics exceeds the weak scale, we have considered all 
possible origins of deviations from the Standard Model in <? M — 2. If the underlying theory can be 
treated perturbatively, then to account for an effect as large as has been recently reported jj]], the 
only possibilities would be models that contain particles that yield direct contributions, of which 
SUSY models are prototypical, or models having unexpectedly light leptoquarks or having a rather 
exotic heavy vector boson that couples predominantly to muons. Other possibilities either are 
already excluded by existing experimental results or would have to be unnaturally large. If, on the 
contrary, the underlying new physics involves strong interactions, as in technicolor models, then the 
discrepancy could be accounted for by a variety of effective operators. 

PACS numbers: 13.10.+q, 13.40.-f, 14.60.Ef, 12.15.-y, 12.60.-i 



a. Introduction The announcement of a new, more 
precise measurement of the anomalous magnetic moment 
of the muon |l| that apparently disagrees with the Stan- 
dard Model (SM) prediction has stirred a great deal of 
excitement. This hint of new physics, coming on the 
heels of suggestions from LEP of a light Higgs boson §, 
supports a picture in which there are particles previously 
undetected already at the scale of 100 GeV or so. In 
this note, we wish to evaluate the theoretical implica- 
tions of the new result in a rather model- independent 
manner, based on our earlier analysis hereinafter re- 
ferred to as AEW. The method that allows for such an 
analysis is the effective field theory approach in which one 
identifies the leading-order higher-dimensional operators 
that might occur if departures from the SM are due to 
physics on some high mass scale A. We assumed that the 
new physics respects the SM gauge symmetries. The op- 
erators therefore are simply monomials involving fields 
of the SM. By SM, we made the conventional assump- 
tion that there was but a single Higgs doublet. There 
is nothing in existing data that requires this, but both 
the conventional SM "prediction" as well as our analysis 
would have to be modified if there were more than one 
Higgs doublet. 

There are essentially two different types of new dy- 
namics to be associated with the physics beyond the 
SM, which we referred to as "decoupling" or "non- 
decoupling," depending on whether the underlying dy- 
namics involves weak coupling or strong interactions. In 
the former case, dimensional analysis may be used to an- 
alyze new effects, while in the latter case, one must resort 
to an expansion of transition amplitudes in powers of mo- 
menta, commonly referred to as a derivative expansion 
or chiral perturbation theory. 

In AEW, we assumed as a figure of merit that the BNL 
g^— 2 experiment would achieve its intended accuracy of 
Aa^ ~ 4 x 10~ 10 . The recent interim result pf is statis- 



tics limited, with an error of Aa p = 15 X 10~ 10 .[] Nev- 
ertheless, the central value observed differs from the SM 
prediction by Sa^ = 42 x 10~ 10 , about a factor of three 
larger than the SM weak effect of Sa wea k — 15 x 10 -10 . 
Such a relatively large effect is at first sight rather sur- 
prising, given the lack of evidence of deviations from the 
SM in the high-precision LEP experiments Q or else- 
where. Indeed, such a relatively large effect will be seen 
to simplify the model-independent interpretation about 
the origin of new physics. 

b. Decoupling Case If physics is sufficiently weakly 
interacting so that perturbation theory may be applied, 
the dynamical dimensions of fields are approximately 
equal to their naive (or engineering) dimensions. The SM 
itself is of this type (at energies E 3> Aqcd) and more- 
over is "natural" in the sense that all gauge-invariant op- 
erators of dimension four or less are presumed to occur. 
Assuming conservation of baryon and lepton number, the 
first corrections to the SM are operators of dimension 
six. These were catalogued long- ago ||, where it was 
shown that there were 81 independent such operators.^] 
Although their number may seem daunting, for any given 
process or measurement, usually only a small subset of 
these are relevant. We write them in the generic form 
aO/A 2 , where O is some gauge- invariant monomial of 
dimension six constructed from SM fields and their co- 
variant derivatives, and A is referred to as the scale of 
new physics. To be slightly more precise, the scale A is 
to be compared with the weak scale v w 250 GeV and 
not to be associated directly with some virtual particle's 



'After the experimenters analyze their year 2000 data, their 
accuracy is expected to improve by about a factor of two. 
^The catalogue is also given in Appendix A of Ref. M. 
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mass|] The dimensionless coupling constant a depends 
on some renormalization scale, which we tacitly take to 
be A. In principle, the coupling should be run down to 
some small momentum scale, but, since we will be only 
making order of magnitude estimates in this paper, we 
will ignore this running. 

It is important to understand the natural size of the co- 
efficient a of each of these dimension-six operators. That 
is facilitated by classifying them into those that may arise 
from tree diagrams in any underlying theory and those 
that can only arise from loop diagrams. Those arising 
from loops are expected to be suppressed relative to tree 
diagrams by at least one additional power of 1/167T 2 times 
some coupling constant (s). Such a classification was car- 
ried out in Ref. to which we shall refer as needed. 

For the case at hand, we may conveniently classify the 
operators into two types, those that contribute directly 
to a change in g~ 2 at the tree level and those that con- 
tribute only indirectly through their presence in loop- 
graphs.^ Nearly all dimension-six operators contribute 
only indirectly to g — 2. There are just two operators^ 
that contribute directly to changes in g — 2, viz., 



0^ w = (Z> a V 'n a )<t>Wip + h.c. 



(1) 



where Z M denotes the left-handed doublet of the SM con- 
taining the /i£ and fields. Referring to Ref. ||, we see 
that both of these direct operators can only arise from 
loop corrections containing solely non-standard virtual 
excitations, so, as was assumed in AEW, their coefficients 
must be of order 

a^w ~ ff/(167r 2 ) and a^s ~ g' / (IQ-n: 2 ) . (2) 

As a result, these operators can give a contribution as 
large as Pj 



direct 



1(T 6 /A 2 (A in TeV) 



(3) 



A is to be compared with the scale of weak symmetry 
breaking v w 250 GeV. This suggests that, to account 



*One usually speaks of a single scale A but of course there 
may actually be several sources of new physics characterized 
by very different scales. 

§The reader unfamiliar with effective field theory may be 
troubled by the inclusion of "nonrenormalizable" operators 
in loop corrections, but such theories, containing as they do 
an infinite number of higher dimensional operators, are in 
fact sensible and interpretable as quantum field theories. For 
further discussion, see for example Weinberg Q. 

"See AEW for details. In fact, one might say there is only 
one such operator, since one linear combination of these two 
will decouple from the photon. 

"See Eq. (2.13) of AEW. 



for the value reported Q , the scale of new physics could 
be rather large. However, this result is deceptive. In the 
SM, all fermion masses arise from Yukawa couplings to 
the Higgs field. Setting the muon mass to zero is nat- 
ural, in the technical sense commonly employed, only if 
this gives rise to an additional chiral symmetry. If one 
does not regard this additional global symmetry as acci- 
dental, then it must also be a property of the underlying 
theory in this limit. Consequently, we will assume that 
the muon mass is naturally light and that the underlying 
theory, like the SM, has a chiral symmetry protecting the 
muon mass in the limit that it is taken to be zero. Since 
these two direct operators break that chiral symmetry, 
naturalness for the muon mass is intimately connected 
with contributions to g^—2, as was noted in AEW. Natu- 
rality requires that their coefficients contain a factor pro- 
portional to y^ ~ rrift/v ss 4 x 10~ 4 . This implies that the 
magnitude of the coefficients of these operators in Eq. (|l|) 
be reduced by such a factor so that their contribution to 
the anomalous moment is of order 



direct 



IQ- W /A 2 (A in TeV) 



(4) 



This suggests that the scale of new physics A can not be 
much larger than the weak scale v itself, and therefore 
the associated particles may well have masses of order 
of the SM vector bosons (100 GeV). This agrees with 
the conclusions stated in |jj concerning the mass scale in 
certain supersymmetric models, which are prototypical 
of models of this type. 

Among the 79 remaining dimension-six operators in 
the SM, there are only a few that could produce effects 
as large as observed. Those must correspond to vertices 
that both (a) can arise from some theory in tree approxi- 
mation and (b) can contribute to <? M — 2 in one-loop order. 
These are (in the notation of Ref. || ) 

Off = i^D^l-fl), Of = l (^T I D^)(h»T I l), 
O^^D^erfe). (5) 

off = (hJ)(h v l), off ee (hyiWYr'l), 
O ee = (e 7v e)(e~/ u e), O le ee (T>y v l)(&fe). (6) 

Off ee fajjirfq), Off ee {T^yi^q^q), 

O^u = (fiRliy^R}(uj"u), O^d EE {fiR'yvliR){d~{ U d), 

O q dn ee (l fl j u q)(d'y v ^R)- (7) 

Oiu = {TjtU^ulfj), Om = (Tn(f)(dl M ), O qfl = 

Oi q ee (l^fi R )e(qu), 0' lq ee (I ^u)e(qfi R ) . (8) 

Here, l(q) denotes a left-handed lepton (quark) doublet; 
e(u, d), a generic right-handed lepton (quark) singlet; and 
</>, the SM Higgs doublet. All these fermion fields could 
carry generational indices, and generation mixing is in 
general permissible. The t 1 are the Pauli matrices, and 
e ee it 2 . We will consider each group in turn. The 
operators in Eq. (||) modify the couplings of the W ± 
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and Z° to leptons of order a^i ~ gv 2 /A 2 . They affect 
g^— 2 very much like the SM weak corrections, i.e., less 
than 10~ 9 times a#i or a^. Quite aside from theoreti- 
cal arguments, these non-SM couplings are already con- 
strained by LEP measurements || to be less than about 
1%. Therefore, they change g^— 2 by less than 1CP 11 and 
can be safely ignored. P] 

The four-fermion interactions (@)-(||) are also con- 
strained in various ways but cannot be excluded entirely. 
Each of the four- lepton operators in Eq. (^) could arise 
from the exchange of a heavy vector boson and would 
contribute to <? M — 2 when two of the fields correspond to 
muons. Note that the first two operators involve only 
left- handed couplings; the third, only right-handed cou- 
plings; the fourth, both left- and right-handed couplings. 

At first sight, one might anticipate that operators in- 
volving muon fields of a single chirality could not con- 
tribute to g^—2, since the effective operators Eq. (|l|) 
involve a chiral flip of the muon. However, this is not 
correct, since a chirality-conserving, dimension-six oper- 
ator such as (J^(j a Plf) l/j,)B a ff is, by use of the classical 
equations of motion, equivalent to the corresponding di- 
rect operator O^b times the Yukawa coupling of the 
Higgs field to the muonj^] 

Returning to the discussion of the limits on the con- 
tributions of these operators, there are already strong 
bounds on a generic i7(l) gauge boson, as typically arises 
in models of unification, with Mz 1 ~ 550 GeV if it has 
coupling strengths comparable to SM couplings || . Such 
vector bosons would make a contribution to g^— 2 at least 
an order of magnitude smaller than the SM weak correc- 
tion. However, one can imagine a more exotic Z' that 
could be much lighter and account for the discrepancy 
observed. Con sider, for example, a Z 1 that coupled only 
to leptons.*** In general, generation-changing operators 
must have small coefficients because they would lead to 
flavor-changing neutral currents. However, a Z' that did 
not cause transitions between generations or that cou- 
pled essentially only to second-generation leptons cannot 
be excluded. For example, a Z 1 of mass 200 GeV that 
coupled to muons with three times the strength of the 
SM Z° would account for the discrepancy observed. Al- 



**The presence of right-handed neutrinos would allow an- 
other operator to the above list, viz., i{<p eD (J 0)(^jj7 tl fin) 
which would give rise to a right-handed W coupling. The 
experimental data on the W branching ratios fej, however, 
insures that the corresponding contribution to g^—l is ^ 5 x 
10" 12 and can also be ignored. 

§ § One attractive feature of such a chirally-coupled Z' is that 
it would always give a contribution to g M — 2 that is natural, 
even if it were to cause transitions to a heavy fermion. 

***Such models must concern themselves with anomaly can- 
celation, but we will assume that can be accomplished. 



though such a Z' would cause Z°—Z' mixing, the effects 
on the known properties of the Z° and other observations 
can easily be seen to be acceptably small. 

If one performs a Fierz transformation on 0\ e , one ob- 
tains the equivalent operator (le)(el). Such an interac- 
tion could arise from the exchange of a heavy scalar dou- 
blet. The constraints on such a particle are similar to 
those on the hypothetical Z' discussed above. Therefore, 
the most likely candidate to contribute to <? M — 2 would be 
a scalar that coupled diagonally or exclusively to second- 
generation leptons, giving {^^^(JTrI^). Such a scalar 
doublet with mass M and Yukawa coupling h' would 
make a contribution to g^— 2 of order (m M /u)(/i'/47rM) 2 , 
which could be comparable to our previous estimates of 
the magnitude of direct operators. 

Turning now to the two classes of operators involving 
both leptons and quarks, Eqs. (Q) and (]§), most could 
arise either from various kinds of leptoquarks or from a 
Z' that coupled to both leptons and quarks. However, 
unlike previously, in these modes such a Z' cannot con- 
tribute to g~ 2 at one-loop order, since its coupling to the 
photon arises through mixing and therefore contributes 
only to the electric coupling of the muon rather than to 
its magnetic coupling. 

The operator Oi q obviously could arise from the ex- 
change of a colorless scalar doublet that coupled to both 
quarks and leptons. However, as with the Z' just dis- 
cussed, this scalar would be in the wrong channel to con- 
tribute to g — 2 in one-loop order. 

Performing a Fierz transformation on the first four op- 
erators in Eq. (M), one may rewrite them as 



O. 



(i) 



o 



(3) 

k 



(l fl ^T I q)(qj' J T I l fj 



O^u = {^R^t,u)(uY fi R ), O^d = {HR.lvd){dY '/j, R ). (9) 

Thus, we see alternatively that all five operators of this 
set could arise from exchange of a vector leptoquark that 
is a color triplet having the weak isospin and hypercharge 
assignments appropriate to each operator. Similarly, the 
operators in Eq. (^) except Oi q could arise from scalar 
leptoquark exchanges with various electroweak quantum 
numbers. 

Experimentally, current bounds on masses and cou- 
plings of leptoquarks imply contributions of O(10 -11 ) or 
less for leptoquarks that generate lepton- flavor violation 
p0| . In other cases, the lower bounds on leptoquarks 
are only around 200 GeV || , not so strong as to exclude 
them as potential contributors. Theoretically, in a weak 
coupling scenario, leptoquarks sufficiently light to affect 
g — 2 noticeably would be quite unexpected. Typically, 
scalar and vector leptoquarks arise in models in which 
quarks and leptons are unified, such as the Pati-Salam 
SU(4) model or in SU(5) or 50(10) GUTs. The scales 
of unification in such models can be estimated and are 
much too large to be relevant, typically £ 10 12 GeV or 
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morej^ 1 

Finally, the operators Oi q and 0\ q are obviously closely 
related; indeed, if one performs a Fierz transformation on 
Oi q , has 

80 lq = -AO' lq - (I> 0/3 u) e {qa afi VR) ■ (10) 

Thus, in addition to arising from a scalar leptoquark, 
another possibility is the exchange of a massive, anti- 
symmetric tensor field, which is an alternative way to 
describe a vector leptoquark. These tensor excitations, if 
present, should transform as weak isodoublets and couple 
to the fermions through a cr M „-type interaction. These 
constraints are problematic: the fermion coupling vio- 
lates the gauge symmetry required for the unitarity of the 
free tensor Lagrangian and would naturally drive the 
tensor mass to a value 3> A. In addition the non-Abelian 
coupling appears to be inconsistent with the condition of 
weak coupling |jl2|j . For these reasons, we will not con- 
sider this possibility further. 

In sum, we conclude that, if the observed discrepancy 
is to emerge from an underlying theory in which per- 
turbation theory may be used, then its origin must be 
from the direct operators Eq. (|l|) or from models having 
a rather exotic heavy vector boson or a leptoquark with 
the appropriate properties. We now turn to the consider- 
ation of the non-decoupling case, in which the underlying 
model may involve strong interactions. 

c. N on- Decoupling Case If the physics underlying 
the standard model does not decouple the power- count- 
ing arguments are modified by the presumed strong- 
interaction effects. We will consider the simplest real- 
ization of this possibility where the low- energy theory 
contains only the Standard Model fields without a scalar 
doublet. In this (chiral) theory symmetry breaking is 
achieved by introducing a unitary field U, which replaces 
the SM doublet (this corresponds to the case where the 
physical Higgs particle becomes heavy with v kept fixed). 
In the unitary gauge {7=1, and the chiral Lagrangian re- 
produces the unitary- gauge Standard Model Lagrangian 
without the terms containing the Higgs excitation. For 
the present discussion the relevant effective Lagrangian 
is 

C = ^la^r'Ur^ + ^f^B^Ur,; (11) 

(plus Hcrmitian conjugate) where r M = (0, /zr). The 
naturality bound for the coefficients (using naive dimen- 
sional analysis (ljj) is ~ 1- In addition these op- 
erators can modify the n mass, a simple estimate shows 



t^In contrast, if leptoquarks were composite, they could 
have a significant effect on 2. See next section. 



that the requirement that this radiative correction be 
small implies |/vK,s|e 2 A/(47r) 2 <C m M where e denotes 
the proton charge. For this scenario, however, there is 
an upper bound on the scale A equal to 4irv ~ 3 TeV. 
This then implies the condition 

1Mb | ^0.06 (12) 

This constraint can be naturally implemented if it as- 
sumed that the coefficients take the form fw,B = 
(m fl /A)fw,B- 

The direct contributions to the anomalous magnetic 
moment are 

Sa = 4m ft (/w -/b)/A 

< 8.4 x 1CT 6 |/w,b/0.06| (3TeV)/A (13) 

If the coefficients are of the form fw.B ~ ( m /x/A) x 0(1) 
we find \Sa\ ~ (2m M /A) 2 ~ 4.6 x 1CT 9 for A - 3 TeV. 
This estimate is significantly larger than the standard 
model contribution but it is (perhaps coincidentally) 
comparable to the deviation reported in the recent BNL 
experiment. 

As with the decoupling scenario, there are non-direct 
contributions to g^— 2 generated by the operators Eq. , 
and the same limits apply. In this case, however, the 
naive-dimensional analysis estimate of the operator co- 
efficients is very different. In particular the 4- fermion 
operators Oi q , 0' lq are expected to appear with coeffi- 
cients ~ y^/v 2 (assuming, as before, a natural realization 
of explicit chiral symmetry breaking). This would also 
lead to a contribution as large as 10~ 9 to g^—1. 

d. Conclusions To summarize, assuming that the 
scale of physics beyond the SM exceeds the weak scale, 
we have considered all possible origins of deviations from 
the SM. If the underlying theory can be treated perturba- 
tively, then the only possibilities to account for so large 
an effect would be models producing the direct opera- 
tors Eq. (jl]), of which SUSY models are prototypical, or 
models having unexpectedly light leptoquarks or having 
a rather exotic heavy vector boson that couples predom- 
inantly to muons. The scale of new physics must be suf- 
ficiently low that evidence of most of these mechanisms 
would be likely to appear in the new data anticipated 
from Collider Run II at the Fermilab TeVatron. Other 
possible origins, such as a generic Z' or anomalous cou- 
plings of the SM vector bosons, either are already ex- 
cluded by existing experimental bounds or would have to 
be unnaturally large to account for the magnitude of the 
observed discrepancy. On the other hand, if the underly- 
ing new physics involves a new strong interaction, as in 
technicolor models, then the physics could be accounted 
for by a variety of effective operators. It is harder to 
pinpoint the precise way to check this alternative, but 
evidence of compositeness on this scale would also be 
likely to show up at the TeVatron. 
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/. Addendum While this manuscript was being com- 
pleted, a number of papers appeared considering one or 
another of the alternatives touched on here. These in- 
clude supersymmetric models [|L4j, an additional vector 
boson []l5|, leptoquarks as well as nondecoupling sce- 
narios Jl7[ . Consideration of models involving extended 
scalar sectors has begun |Djj |. For a general theoretical 
overview, see Ref. [fill . 
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